Let D be a non-commutative division ring with center F , G a subnormal subgroup of GLn(D). In this note we show that if G contains a non-abelian solvable-by-finite maximal subgroup, then [D : F ] < ∞, and there exists a maximal subfield K of Mn(D) such that K/F is a finite Galois extension.
Introduction and Results
Solvable-by-finite skew linear groups were considered before by several authors (see e.g. [5, Section 2] , [12] , [20] ). Such subgroups arise naturally in many questions concerning the structure of the multiplicative group D * . For example, a well-known theorem of Platonov says that if the group D * satisfies a non-trivial group identity, then it is solvable-by-finite. In this note, we study the influence of the existence of non-abelian solvable-by-finite maximal subgroups in subnormal subgroups of GL n (D), n ≥ 1 to the structure of D in particular, and of M n (D) in general. Here, we should point out that the existence of maximal subgroups in skew linear groups is a difficult problem and unsolved in general. Relating to this problem, the authors in [1] and [6] have investigated some examples of maximal subgroups in skew linear groups. The main result we get is the following theorem. Theorem 1.1. Let D be a non-commutative division ring with center F , G a subnormal subgroup of GL n (D). Assume additionally that F is not a locally finite field if n > 1. If M is a non-abelian solvable-by-finite maximal subgroup of G, then [D : F ] < ∞, and there exists a maximal subfield K of M n (D) containing F such that K/F is a Galois extension, K * ∩ G M , and M/K * ∩ G ∼ = Gal(K/F ).
This theorem gives some interesting corollaries having the closed relation to the results contained in [5] , [12] , and [20] . Recall that in [5, Question 2.5] , the authors asked whether a division algebra D is a crossed product if the multiplicative group D * contains an absolutely irreducible solvable-by-finite subgroup M . By definition, a finite dimensional division algebra is a crossed product if it contains a maximal subfield that is a Galois extension over its center. The following corollary, which follows immediately from the Theorem 1.1 for the case when n = 1, shows that the question has a positive answer when M is a non-abelian solvable-by-finite maximal subgroup of some subnormal subgroup of D * . Corollary 1.2. Let D be a division ring with center F , G a subnormal subgroup of D * . If M is a non-abelian solvable-by-finite maximal subgroup of G, then D is a crossed product.
Other results concerning the structure of solvable-by-finite skew linear groups in the case when D is finite dimensional were nicely obtained by Wehrfritz in [20] . In fact, he proved that if M is a solvable-by-finite subgroup of GL n (D), then it contains an abelian normal subgroup of index dividing b(n)[D : F ] n , where b(n) is an integer valued function that depends only on n. For such a special type of subgroup M , we give an abelian normal subgroup of very explicit index. In the same theme, a surprising result about polycyclic-by-finite maximal subgroups of GL n (D) can be found in [12] . One of the main results of [12] demonstrated that GL n (D) contains no polycyclic-by-finite maximal subgroups if n = 1 or the center of D contains at least five elements ( [12, Theorem B] ). The next corollary may be considered as a generalization of this result. Corollary 1.4. Let D, F , G as in Theorem 1.1. If M is non-abelian, then it cannot be finitely generated solvable-by-finite. In particular, M cannot be polycyclicby-finite.
Throughout this paper, D is a division ring with center F and D * denotes the multiplicative group of D. For a positive integer n, M n (D) is the matrix ring of degree n over D. We identify F with F I n via the ring isomorphism a → aI n , where I n is the identity matrix of degree n. If S is a subset of M n (D), then F [S] denotes the subring of M n (D) generated by S ∪F . Also, if n = 1, i.e., if S ⊆ D, then F (S) is the division subring of D generated by S ∪F . A division ring D is locally finite if for every finite subset S of D, the division subring F (S) is a finite dimensional vector space over F . If H and K are two subgroups in a group G, then N K (H) denotes the set of all elements k ∈ K such that k −1 Hk ≤ H, i.e., N K (H) = K ∩ N G (H). If A is a ring or a group, then Z(A) denotes the center of A.
Let
If G is irreducible and not imprimitive, then G is primitive.
The proofs
The following proposition is the confirmation of Theorem 1.1 for the case n = 1. The following work is about extending the above result to the general case, that is, proving Theorem 1.1 for the case n > 1. First, we record several lemmas, which will be used frequently. Lemma 2.2. Let R be a ring, and G a subgroup of R * . Assume that F is a central subfield of R and A is a maximal abelian subgroup of G such that
g∈T Kg for every transversal T of A in G. Therefore, to prove the fist statement of the lemma, it suffices to show that every finite subset {g 1 , g 2 , . . . , g n } ⊆ T is linearly independent over K. Assume by contrary that there exists such a non-trivial relation
Clearly, we can suppose that all k i are non-zero, and that n is minimal. If n = 1, then there is nothing to prove, so we can suppose n > 1. Since the cosets Ag 1 and Ag 2 are disjoint, we have g −1
By definition, we have
which is a non-trivial relation with less than n summands because x 1 = x 2 , a contradiction. Therefore, T is linearly independent over K.
Now, assume that R = F [G] and K is a field. If we set L = C R (K), then every element x ∈ L has the following form
where l 1 , l 2 , . . . , l t ∈ K and m 1 , m 2 , . . . , m t ∈ T . Take an arbitrary element a ∈ A, by the normality of A in M , there exist a i ∈ A such that m i a = a i m i for all 1 ≤ i ≤ t. Since xa = ax, it follows (l 1 a 1 − l 1 a)m 1 + (l 2 a 2 − l 2 a)m 2 + · · · + (l t a t − l t a)m t = 0.
Since {m 1 , m 2 , . . . , m t } is linearly independent over K, we have a = a 1 = · · · = a t . Consequently, m i a = am i for all a ∈ A, and thus
This means x ∈ K, and hence L = K.
Remark 1. In view of [10, Theorem 11] , if D is a division ring with at least five elements and n ≥ 2, then any non-central subnormal subgroup of GL n (D) contains SL n (D) and hence is normal. Lemma 2.4. Let D be a non-commutative division ring with center F , and G a subnormal subgroup of GL n (D), n ≥ 2. Assume additionally that F contains at least five elements. If M is a non-abelian solvable-by-finite maximal subgroup of G, then M is primitive and C GLn(D) is a field.
Proof. If M is reducible, then by [8, Lemma 1], it contains a copy of D * . This means D * is solvable-by-finite, and hence it is commutative by [7, Lemma 2.3], a contradiction. Thus, M is irreducible. Assume by contradiction that M is imprimitive, then by [4, Lemma 2.5], we conclude that M contains SL r (D) for some r ≥ 1. If r = 1, then D ′ is solvable-by-finite. It follows by [7, Lemma 2.3] that D ′ abelian. This implies D * is solvable, and hence D is commutative, a contradiction. If r > 1, then SL r (D) contains a non-cyclic free subgroup (see e.g. [17, 4.5.1] ). Thus, M also contains a non-cyclic free subgroup, which is contradict to the fact that M is solvable-by-finite.
Because M is irreducible, and thus, x ∈ F . In any case we have x ∈ F * Z(M ), which says that F ′ 1 is abelian. It follows that F * 1 is solvable, and hence F 1 is actually a field. Lemma 2.5. Let D be a division ring with center F , G a subnormal subgroup of GL n (D), n ≥ 2, and assume that M is a maximal subgroup of G. Assume additionally that F contains at least five elements.
Proof. The maximality of M in G implies that either M = N G (R * ) or N G (R * ) = G. If the first case occurs, then G∩R * ⊆ M . Now, suppose that the second case occurs and that R * ∩G ⊆ F . Then, R * ∩G is a non-central subnormal subgroup of GL n (D), and hence SL n (D) ⊆ R * by Remark 1. It follows that R contains the subring F [SL n (D)], which is normalized by GL n (D). By the Cartan-Brauer-Hua Theorem (see e.g. [2, Theorem D]), we conclude that R = M n (D), a contradiction. Now, we are ready to prove the main results of this note. is irreducible, and thus R is a prime ring by [17, 1.1.14] . In view of [9, Theorem 2], either Ω ⊆ Z(R) or R is a domain. If the first case occurs, then N is abelian and we are done. If R is a domain, then by [19, Corollary 24], we conclude that R is a Goldie ring. Hence, R is an Ore domain with the skew field of fractions ∆ 1 , say, which is embedded in M n (D) by [17, 5.7.8] . Because M normalizes R, it also normalizes ∆ 1 , and hence M ⊆ N G (∆ * 1 ) ⊆ G. In view of Lemma 2.5, either
. If the second case occurs, then G∩∆ * 1 is a normal subgroup of ∆ * 1 contained in M . Since M is solvable-by-finite, so is G∩∆ * 1 . It follows by [7, Lemma 2.3] that G∩∆ * 1 ⊆ Z(∆ 1 ). Therefore, the second case implies the third, which shows that N is abelian. From this, we conclude that M is abelian-by-finite.
Next, we claim that M is actually abelian, and thus we arrive in a contradiction. Indeed, by Lemma 2.4, it follows that M is primitive. In view of [2, Proposition 3.3], one has F [N ] is a prime ring. Because M is abelian-by-finite, [14, Lemma 11, p.176] says that the group ring F M is a PI-ring. Thus, as a hommomorphic image of F M , the ring S := F [M ] is also a PI-ring. It is clear that M ⊆ N G (S * ) ⊆ G, and hence by Lemma 2.5, we conclude that S * ∩G ⊆ F or S * ∩G ⊆ M . The former case implies that M is abelian, a contradiction. Thus, we must have S * ∩ G ⊆ M , from which it follows that M = S * ∩ G. By Lemma 2.4, we conclude that F 1 := C Mn(D) (M ) is a field. First, we suppose that F 1 ⊆ M , which yields F 1 is the center of the prime ring S. By [15, 1.6 .28], we conclude that S is a simple ring. Now S is both simple and P I-ring, so it is an simple artinian ring by the Kaplansky's theorem. It follows that S ∼ = M m (∆) for some division F 1 -algebra with [∆ : F 1 ] < ∞. Because we are in the case M = S * ∩ G, we may conclude that M is a normal subgroup of GL m (∆) containing no non-cyclic free subgroups. Because F ⊆ ∆ and by assumption on F , we conclude that ∆ is not a locally finite field. It follows by [17, 4.5 .1] that M is contained in F 1 , a contradiction. Next, we consider the case when F 1 ⊆ M and set M 1 = F * 1 M , N 1 = F * 1 N . If M 1 = N 1 , then M 1 contains SL n (D). This is impossible since SL n (D) contains a non-cyclic free subgroup. If M 1 N 1 , then M 1 is a maximal subgroup of N 1 . By the same way, we conclude that M 1 is abelian, which is a contradiction. 
where D i are division F -algebras, 1 ≤ i ≤ s. Since F [A] is abelian, n i = 1 and K i := D i = Z(D i ) are fields that contain F for all i. Therefore,
By Lemma 2.4, we conclude that M is primitive. It follows by [2, Proposition 3.3] that F [A] is an integral domain, so s = 1. Hence, K := F [A] is a subfield of M n (D) containing F . Again by [2, Proposition 3.3] , one has L := C Mn(D) (K) ∼ = M n2 (∆ 2 ) for some division F -algebra ∆ 2 . Since M normalizes K, it also normalizes L. Therefore, we have M ⊆ N G (L * ) ⊆ G, and hence either L * ∩G ⊆ F , or L = M n (D) or L * ∩ G ⊆ M by Lemma 2.5. The first case implies that M n (D) = K, which contradicts the fact that n > 1. If the second case occurs, then A ⊆ F , from which it follows that M/M ∩ F * is locally finite. In view of Lemma [7, Lemma 2.1], one has D is a locally finite division ring. Since M contains no non-cyclic free subgroups, by Theorem [4, Theorem 3.1], we conclude that M is abelian-by-finite and [D : F ] < ∞. Now, we consider the third case L * ∩ G ⊆ M , which yields that L * ∩ G is a solvable-by-finite subnormal subgroup of GL n2 (∆ 2 ). From this fact, we have L * ∩ G ⊆ Z(∆ 2 ): if n 2 > 1, then Remark 1 together with the fact that SL n2 (D) contains a non-cyclic free subgroup shows that L * ∩ G ⊆ Z(∆ 2 ); if n 2 = 1 then [7, Lemma 2.3] also yields L * ∩ G ⊆ Z(∆ 2 ). In any case, we obtained that L * ∩ G is an abelian normal subgroup of M and M/L * ∩ G is locally finite. By the maximality of A in M , it follows A = L * ∩ G = L * ∩ M = C M (A). Hence, A is actually a maximal abelian subgroup of M . It follows by Lemma 2.2 that K is a maximal subfield of M n (D).
Next, we prove that M/A is simple. Suppose that P is an arbitrary normal subgroup of M properly containing A. Note that by the maximality of A in M , we conclude that P is non-abelian. Because L = C Mn(D) (A) is a field, we may apply [2, Proposition 3.3] to conclude that A, and hence P , is irreducible. Thus R := F [P ] is a prime ring. We claim that R = M n (D). Indeed, since P is normal in M , we have M ⊆ N G (R * ) ⊆ G, and hence either R * ∩ G ⊆ M or R = M n (D). If the former case occurs, then R * ∩ G is a solvable-by-finite normal subgroup of R * . Let N 1 be a solvable normal subgroup of finite index in R * ∩ G. Now we have N 1 R * ∩ G R * with [R * ∩ G : N 1 ] < ∞. By the same arguments as in the first paragraph of the proof of Theorem 2.6, we conclude that N 1 is abelian. The maximality of A in P implies that N 1 ≤ A, and hence [P : A] < ∞. Let {x 1 , x 2 , . . . , x l } be a transversal of A in P . According to Lemma 2.2, we have
which says that R is an artinian ring. In short, R is both prime and artinian, from which one has R ∼ = M n3 (∆ 3 ) for some division F -algebra with [∆ 3 : Z(∆ 3 )] < ∞. If n 3 = 1, then by [7, Lemma 2.3], we have P ⊆ R * ∩ G ⊆ Z(∆ 3 ), and hence P is abelian, a contradiction. If n 3 > 1, then P should contain SL n3 (∆ 3 ) by Remark 1. Since SL n3 (∆ 3 ) contains a non-cyclic free subgroup, so does P , a contradiction. Therefore, the case G ∩ R * ⊆ M cannot happen. This forces R = M n (D), as claimed.
For any m ∈ M ⊆ R = F [P ], there exist f 1 , f 2 , . . . , f s ∈ F and p 1 , p 2 , . . . , p s ∈ P such that m = f 1 p 1 + f 2 p 2 + · · · + f s p s .
Let H = n 1 , n 2 , . . . , n s be the subgroup of P generated by p 1 , p 2 , . . . , p s . Set B = AH and Q = F [B]. If B is abelian, then by the maximality of A in M , it follows that B = A, and thus Q = K. Consequently, x ∈ M ∩ K * = A ⊆ P . Now we consider the case B is non-abelian, and we shall show that x also belongs to P in this case. Since M/A is locally finite, the group B/A is finite. Let {y 1 , y 2 , . . . , y k } be a transversal of A in B. The maximality of A in M implies that A is a maximal abelian subgroup of B and also normal in B. By Lemma 2.2, Q = Ky 1 ⊕ Ky 2 ⊕ · · · ⊕ Ky k , which says that Q is an artinian ring. Since C Mn(D) (A) = L is a field, in view of [2, Proposition 3.3], A is irreducible. Because B contains A, by definition, it is irreducible too. By [17, 1.1.14] , it follows that Q is a prime ring. Now, Q is both prime and artinian, so it is simple and Q ∼ = M n0 (∆ 0 ) for some division F -algebra ∆ 0 . If we set F 0 = Z(∆ 0 ), then Z(Q) = F 0 . Since B is abelian-by-finite, the group ring F B is a PI-ring by [14, Lemma 11, p.176 ]. Thus, as a hommomorphic image of F B, the ring Q = F [B] is also a PI-ring. By Kaplansky's theorem, we conclude that [Q : F 0 ] < ∞.
If we set K 0 = F 0 [A], then K ⊆ K 0 and F 0 [B] = Q. By Lemma 2.2, we conclude that Q = K 0 x 1 ⊕· · ·⊕K 0 x k . For dimensional reason, one has K = K 0 and F 0 ⊆ K. Hence K is a finite extension field over F 0 . Recall that A is normal in B, so for any b ∈ B, the mapping θ b : K → K given by θ b (x) = bxb −1 is well defined. It is clear that θ b is an F 0 -automorphism of K. Thus, the mapping 
